Polarization quasiprobability distribution defined in the Stokes space shares many important properties with the Wigner function for the position and momentum. Most notably, they both give correct one-dimensional marginal probability distributions and therefore represent the natural choice for the probability distributions in classical hidden-variable models. In this context, negativity of the Wigner function is considered as a proof of non-classicality for a quantum state. On the contrary, the polarization quasiprobability distribution demonstrates negativity for all quantum states. This feature comes from the discrete nature of the Stokes variables; however, it was not observed in previous experiments, because they were performed with photon-number averaging detectors. Here we reconstruct the polarization quasiprobability distribution of a coherent state with photon-number resolving detectors, which allows us to directly observe for the first time its negativity.
Introduction. Non-commuting observables are nonexistent in classical physics, but arise in quantum mechanics and optics. They lead to the difficulties in the attempts to describe quantum states in a semiclassical way, because it is impossible to define a joint probability distribution for such observables. As a remedy for this, quasiprobability distributions were proposed, which can take negative values and therefore violate one of the main axioms of the probability theory.
The most well-known example of non-commuting observables is the canonical pair of position and momentum and the most remarkable corresponding joint quasiprobability distribution is the Wigner one [1] . Its major distinctive feature is that, in contrast to e.g. the GlauberSudarshan P -representation [2, 3] or the Husimi-Kano Q-representation [4, 5] , it gives correct marginal distributions for the position and momentum [6] . Therefore, it represents the natural choice for the probability distributions in the classical hidden variables models. Because of this property, it is widely accepted that the negativity of a Wigner distribution means the non-classicality of the quantum state [6] [7] [8] [9] [10] [11] .
Due to the unique features of the Wigner function, mathematical objects with similar properties were defined for many different systems and observables. In particular, it was done for the discrete-valued position and momentum [12] , for the Hermite-Gaussian and LaguerreGaussian modes of an optical beam [13] , and for the canonical pair of the angle and the angular momentum of vortex states [14] .
The analog of the Wigner distribution for the three non-commuting Stokes observables [see Eqs. (3)], the polarization quasiprobability distribution (PQPD), was developed in Refs. [15, 16] . PQPD gives correct onedimensional marginal probability distributions for all Stokes observables and their linear combinations. A very interesting feature of this distribution is that it takes negative values for all quantum states of light, even for the "most classical" coherent ones. The physical origin of this behaviour was explored theoretically in Ref. [11] . The negativity was shown to appear because the Stokes observables are discrete-valued. At the same time, this feature was never observed in polarization tomography experiments, see e.g. [15, [17] [18] [19] [20] , because all these experiments were performed with photon-number averaging detectors, which smoothed the measured photon-number statistics and washed out the non-classical features of PQPD.
In this work, we have measured PQPD for a coherent state of light using, for the first time to the best of our knowledge, single-photon detectors. We have developed the reconstruction procedure for this case, which allowed us to restore the PQPD with a high quality using a limited data set. The reconstructed distribution demonstrates well-pronounced negative-valued areas.
Stokes observables and PQPD. A quantum state of light can be fully described by its density operatorρ. The PQPD W (S 1 , S 2 , S 3 ) for such a state is defined as the Fourier transform of the polarization characteristic function χ(u 1 , u 2 , u 3 ),
where The Stokes operatorsŜ i are defined aŝ
whereâ H andâ V are the photon annihilation operators for the horizontal (H) and vertical (V) polarization modes,n H,V =â † H,Vâ H,V are photon-number operators in these modes. All Stokes operators can be represented as the differences of photon-number operators in certain modes, therefore the corresponding Stokes observables (e.g. S 1 ) can only take integer values n ∈ Z.
PQPD reconstruction. A standard setup for polarization tomography (see Fig. 1 ) consists of a quarter-and a half-wave plates (λ/4 and λ/2), a polarizing beam splitter and two detectors (D 1 and D 2 ). For each pair of settings of the quarter-wave (β) and half-wave (α) plates, such a setup measures a different arbitrary Stokes operator S αβ =n 1 −n 2 . The operatorsn 1,2 correspond to the photon numbers in the mode transmitted or reflected by the polarizing beam splitter and are measured by D 1 or D 2 , respectively.
The angles α ∈ [0, 2π] and β ∈ [−π/2, π/2] that define a point on the Poincaré sphere (see Fig. 1 ) are determined by the settings of the wave plates,
An arbitrary Stokes operatorŜ αβ can be represented in Cartesian coordinates (Ŝ 1 ,Ŝ 2 ,Ŝ 3 ) aŝ
It is clear that this operator possesses inversion symmetrŷ S (α+π)(−β) = −Ŝ αβ , thus measurements only on the half of the Poincaré sphere suffice for the full reconstruction of any state.
In the experiment, for each point on the Poincaré sphere (for each α and β), acquisition of many S αβ values is needed. From these values we calculate the probabilities W αβ (n) that S αβ are equal to n.
From these probabilities we restore the polarization characteristic function χ αβ (λ) in spherical coordinates (λ, α, β) [11] :
These spherical coordinates (λ, α, β) are related to the Cartesian ones (u 1 , u 2 , u 3 ) by the following transformations:
Thus, using these transformations, Eq. (1) can be rewritten as
where δ (2) (x) is the second derivative of the Dirac delta function. Here we exploit the symmetry ofŜ αβ and perform integration over the radial coordinate λ. As a result, we obtain the equation for reconstructing the PQPD W (S 1 , S 2 , S 3 ) from the experimentally measured probabilities W αβ (n).
The reconstruction of PQPD W (S 1 , S 2 , S 3 ) from the experimentally acquired data set using Eq. (8) requires some approximation δ (x) for the Dirac delta function δ(x), where is the smoothing parameter. We choose the Gaussian approximation,
and similarly for the derivatives of δ(x). The smoothing parameter should be chosen from the following considerations. On the one hand, it has to be small enough to represent all features of the PQPD, but on the other hand, small values of lead to a lot of artifacts in the reconstructed distribution (the so-called reconstruction noise). Experiment and data processing. We have performed the polarization tomography of a horizontally polarized weak coherent state |γ . This state was produced by strongly attenuating a coherent beam at the wavelength 532 nm generated by a pulsed Nd:YAG laser (Nd:YAG 2ω) with the pulse duration 10 ns and repetition rate 10 kHz (see Fig. 1 ). Attenuation (or any other linear losses) does not change the statistical properties of a coherent state: the state remains coherent, but the mean number of photons |γ| 2 is reduced. The attenuation to a single-photon level was performed by a neutral density filter (NDF). It was done in such a way that the probability of single-photon detection events p 1 ≈ |γ| 2 was equal to 0.189. In this case p 1 was at least one order of magnitude bigger than the probabilities of two-photon and higher-order detection events. Therefore we ignored such events and considered only single-photon and nophoton detection events (with the probability p 0 ). We used avalanche photodiodes as single-photon detectors (D 1 and D 2 ) .
The points (α k , β l ) on the Poincaré sphere where tomographic measurements were performed cover the upper hemisphere (β ≥ 0) with a step of 8
• degrees (see Fig. 1 ). These points have been accessed by different combinations of the settings for the quarter-and halfwave plates with the steps equal to 4
• and 2
• degrees, respectively (and forβ = 45
• , the 'north' pole of the Poincaré sphere was accessed). For each point from this discrete set we have calculated the experimental probabilitiesW α k β l (n), where n = {−1, 0, 1}.
The full experimental datasetW α k β l (n) is not suitable for the final integration over α and β in Eq. (8), because it is defined on a discrete set {α k , β l }. Thus it should be interpolated by a continuous function. The interpolated function W αβ (n) is given by the convolution sum of the data pointsW α k β l (n) with the interpolation kernel u(α, β),
Various interpolation kernels can be used. The simplest one is a rectangular function u(α, β) = Π(α)Π(β), where
The integration of thus interpolated function (e.g. as part of the Fourier or Radon transform) gives exactly the same result as when the integration is replaced by the summation. Such a replacement was always used for the reconstruction in the polarization tomography [17] [18] [19] [20] . Unfortunately, with this interpolation, the transformations are accompanied by rather high noise. One can overcome this problem by collecting more experimental points (α k , β l ) or by using different interpolation kernels.
Interpolation methods are well-developed for image resampling [21, 22] . It has been shown that several interpolation kernels could suppress the reconstruction noise by more than 30 dB better than the rectangular-function kernel.
In our case the probabilities W αβ (n) could not be negative; hence we needed a strictly positive kernel. We chose to use a positive cubic spline kernel u(α, β) = u(α)u(β)
Cross-sections of the reconstructed PQPD W (S1, S2, S3) (with = 0.02) along the (S2, S3) plane at S1 = 1 (a), S1 = 0.5 (b), S1 = 0 (c,d), S1 = −0.5 (e), S1 = −1 (f) and S1 = −1.5 (g). In panel (d), the same color is used for values larger than 5 to highlight the jump at S = 1.
[21], where
This kernel suppresses the noise very well and is at the same time quite simple. For each interval between the data points, e.g. (x k , x k+1 ), the interpolation requires only the experimental data from the endpoints of the interval (x k and x k+1 ). Hence this kernel has the same simplicity as the linear interpolation kernel, but a better performance.
Results. Using this interpolation and the approximation (9) with = 0.02, we have reconstructed the PQPD W (S 1 , S 2 , S 3 ). Its cross-sections along the (S 2 , S 3 ) plane at different values of S 1 are shown in Fig. 2 .
FIG. 3.
Cross-sections of the theoretical PQPD W (S1, S2, S3) smoothed by = 0.02 along (S2, S3) plane at S1 = 1 (a), S1 = 0.5 (b), S1 = 0 (c,d), S1 = −0.5 (e), S1 = −1 (f) and S1 = −1.5 (g). In panel (d), the same color is used for values larger than 5 to highlight the jump at S = 1.
In general, each distribution contains a central peak at the origin of the Stokes space (S = S 2 1 + S 2 2 + S 2 3 = 0) and a jump from negative values to positive ones at S = 1. The central peak, which appears because of the no-photon detection events, is more than two orders of magnitude higher than the jump, which happens because of the single-photon ones. At values S > 1 there is only the reconstruction noise (Fig. 2g) .
The reconstructed distribution W (S 1 , S 2 , S 3 ) is in agreement with the theoretical one that is derived for our case (single-photon and no-photon detection events) in spherical coordinates (S, θ, φ) [23] :   FIG. 4 . Cross-sections of the experimental (left) and theoretical (right) PQPD W (S1, S23, φ) (with = 0.02) at φ = 0. In all figures, the same color is used for values larger than 10 to highlight the jump at S = 1.
is the first derivative of the Dirac delta function, and
From these formulas we have calculated the theoretical PQPD W (S 1 , S 2 , S 3 ) for the same probabilities of singlephoton (p 1 = 0.189) and no-photon detection events (p 0 = 0.811) as in the experimental case. We used the same approximation (9) and the same value of the smoothing parameter = 0.02. The same cross-sections are shown for both distributions (Fig. 3) . The experimental and theoretical distributions are almost indistinguishable. The only differences are caused by the reconstruction noise (Fig. 2g) and imperfections of the halfand quarter-wave plates (Fig. 2f) .
It is clear that the distribution W (S 1 , S 2 , S 3 ) possesses a rotation symmetry in the plane (S 2 , S 3 ). Thus it is convenient to use cylindrical coordinates (S 1 , S 23 , φ), with the radial coordinate S 23 = S 2 2 + S 2 3 = S sin θ, instead of the Cartesian ones (S 1 , S 2 , S 3 ). Due to this symmetry, up to experimental imperfections a cross-section at some angle φ (e.g. φ = 0) presents all features of the PQPD (Fig. 4) .
Conclusion. We have shown experimentally the full reconstruction of PQPD with photon-number resolving detectors. As a result we observed the intrinsic negativity of PQPD originating from the discrete nature of the Stokes observables. The last feature has been never observed before because previous experiments were realized with photon-number averaging detectors. For our reconstruction we have elaborated a procedure that leads to high-quality PQPD from a relatively small dataset. The PQPD reconstruction with photon-number resolving detectors is very promising because of novel detectors of this kind that can resolve up to tens of photons with more than 90% quantum efficiency [24] [25] [26] . These detectors can push forward this direction in the polarization tomography and make it a useful tool for quantum state characterization.
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